Exploiting the analogy between ultracold atomic gases and the system of triplons, we study magneto-thermodynamic properties of dimerized quantum magnets in the framework of BoseEinstein condensation (BEC). Particularly, introducing the inversion (or Joule -Thomson) temperature T JT as the point where Joule -Thomson coefficient of an isenthalpic process changes its sign, we show that for a simple paramagnet, this temperature is infinite, while for three-dimensional (3D) dimerized quantum magnets it is finite and always larger than the critical temperature T c of BEC. Below the inversion temperature T < T JT the system of triplons may be in a liquid phase, which undergoes a transition into a superfluid phase at T ≤ T c < T JT . The dependence of the inversion temperature on the external magnetic field T JT (H) has been calculated for quantum magnets of TlCuCl 3 and Sr 3 Cr 2 O 8 .
I. INTRODUCTION
The properties of dimer spin systems at low temperatures have been intensively investigated in the last two decades. These magnetic systems, e.g., TlCuCl 3 , Sr 3 Cr 2 O 8 , etc. [1] consist of weakly coupled dimers with strong antiferromagnetic interaction between spins within a dimer. The ground state in such components is singlet and it is separated from the first exited triplet state by a gap at zero magnetic field at zero temperature that may be interpreted as a spin-liquid behavior characterized by a finite correlation length [2] . When an external magnetic field H is applied, the gap can be closed due to the Zeeman effect, resulting in the generation of a macroscopic number of triplet excitations (triplons) and the transition to a magnetically ordered phase takes place at H = H c . This transition has been observed by studying the magnetization of e.g., TlCuCl 3 nearly 20 years ago [3] . Further, it was shown that it may be effectively described in terms of Bose-Einstein condensation (BEC) of quasi-particles of triplons [4, 5] , which mathematically can be introduced by a generalized Schwinger representation in the bond-operator formalism [6, 7] . In a constant external magnetic field and zero temperature the number of triplons is conserved in the thermodynamic limit and controlled by an effective [7] [8] [9] chemical potential µ defined as
where g f is electron Lande factor and µ B is the Bohr magneton.
A triplon does not carry mass or electric charge, but a magnetic moment. So, it can be easily understood that the total density of triplons, ρ defines the uniform magnetization M , while the number of condensed triplons N 0 defines the staggered magnetization M stag , namely [3] 
Here it should be noted that, in thermodynamic limit, BEC is accompanied by spontaneous breaking of global gauge symmetry, which is a necessary and sufficient condition [7] . But in real materials, e.g. in TlCuCl 3 , this symmetry can be explicitly broken due to anisotropy.
As a result, instead of a phase transition one has to deal with a crossover where the staggered magnetization is renormalized [10] [11] [12] . In the present work, for simplicity, we shall neglect such effects and exploit Eqs. (2) and (3).
At zero temperature T = 0, BEC is considered as a quantum phase transition (QPT), which occurs upon tuning an external parameter. For ordinary gases this parameter is, naturally, the gas pressure, P , while for the system of triplons it may be identified as the external magnetic field. Pursuing the analogy between these two systems one may derive many interesting universal predictions (conclusions). For instance, recently, Garst et al. [13] have considered the Grüneisen parameter Γ and the magnetocaloric effect (MCE) near a pressure (for gases) and magnetic field controlled QPT, respectively. By using scaling analyses they have shown that, the Grüneisen parameter defined as
(where V -volume, C P -heat capacity at constant pressure, while C H -heat capacity at constant H) changes its sign near generic quantum critical points. Recently we have shown that, [14] for spin gapped dimerized magnets this characteristic point coincides with the critical temperature of triplon condensation T c . The position of such a point indicates the accumulation of entropy in the phase diagram. From the definition (4) it is understood that Γ P and Γ H correspond to pressure-caloric and magneto-caloric isentropic effects at constant entropy, S = const., for gases and for paramagnets, respectively. Here, it should be underlined that Γ H is one of the key parameters of magnetic refrigeration with the main area of applications focusing on cryogenic temperatures, moreover, a highly topical area of research has been triggered by the observation of a giant MCE around room temperature [15, 16] .
The investigation of analogy between ordinary gases and the system of magnons has been further advanced by Bovo et al. [17] . Studying frustrated ferromagnets, they have found that, analogous to gases, magnets have at least two kinds of critical temperatures, namely Joule T J and Joule-Thomson T JT temperatures. By definition T J corresponds to the temperature for which the system is quasi-ideal and the internal energy E is independent of the the extensive parameters like volume (c.f. Table I of Ref. [17] ) (∂E/∂V ) T = 0, or magnetization (∂E/∂M ) T = 0. As to the T JT , it is related to the well known Joule-Thomson isenthalpic process which is characterized by the following coefficient
The sign of κ JT indicates whether the system heats up (κ JT > 0) or cools (κ JT < 0) during the process when the intensive parameter, P or H is increased. By definition the inversion temperature is the temperature when κ JT changes its sign i.e., κ JT (T = T JT ) = 0. Note that for a classical ideal gas κ JT = 0 at any temperature whereas ideal quantum gases have non-zero κ JT at low temperature. [18] Such quantum isenthalpic process has been recently observed in a saturated homogeneous Bose gas [19] .
In practice T JT shows the starting of the regime below which a gas may be liquefied by the Linde-Hampson isenthalpic process. For example for helium T JT = 34 K, which means that one has to cool helium until 34 K to obtain liquid helium using the Joule-Thomson effect. In Refs. [20, 21] it has been argued that, a three-dimensional (3D) spin-dimerized quantum magnet exhibits a triplon-superfluid phase between H c 1 and H c 2 (saturation field). , maximum temperature of the magnetically ordered regime [21, 22] , as it is illustrated in Fig. 4 of Ref. [21] . Particularly, T max c ≤ 9 K both for Sr 3 Cr 2 O 8 and TlCuCl 3 .
As discussed by Wang et al. [21] the ground-state of such a system is a quantum disor- propose that in spin-dimerized magnets T c corresponds to the critical temperature of BEC, while T JT corresponds to T * of Ref. [21] , i.e., to the temperature below which triplons may be considered as a liquid. In other words, we assume that similarly to ordinary gases, T JT is the temperature, when for T > T JT triplon gas can not be "liquefied".
Therefore, the main purpose of the present work is to estimate magnetic analogies of such critical temperatures, T c , T J , and T JT in spin gapped magnets.
1
The rest of the paper is organized as follows. In Sect. II we present general analytical expressions of magnetic thermodynamics. Then in Sect. III we consider the case of quantum magnets and derive equations for main thermodynamic quantities. Having performed numerical estimations which we present in Sect. IV we discuss our predictions concerning T c and T JT and effeciency of isentalpic MCE. The main conclusions are drawn in Sect. V.
The details of some calculations are presented in the Appendices.
II. BASIC RELATIONS OF MAGNETIC THERMODYNAMICS
Generally speaking, the total Hamiltonian (or energy) of a magnetic substance is usually assumed to consist of several contributions: from the crystalline lattice (Ĥ L ) and from the conducting electrons (Ĥ e ), besides, the magnetic moments (Ĥ m ) and from the atomic nucleus (Ĥ n ). So are thermodynamic potentials, e.g. the grand potential Ω and the entropy, S. For the sake of simplicity, we assume that Ω L and Ω e do not depend on the applied magnetic field and, hence the total changes induced by the magnetic field variation are attributed to the changes of only the magnetic part. Below we concentrate only on the magnetic part of a physical variable denoting e.g., Ω M as just Ω: Ω ≡ Ω M . In the next section we derive Ω explicitly for spin gapped magnets while here we present some general relations, assuming
that Ω is known.
Thus, we have the following relations for main thermodynamic potentials [23] 
where E, F , W and Φ are internal energy, Gibbs free energy, enthalpy and Helmholtz 1 Namely, T c -critical temperature of BEC; T J -Joule temperature when the gas behaves as an ideal gas;
T JT -inversion temperature, such that κ JT (T ) = 0; T * is the maximal temperature, below which magnons can be considered in a liquid phase , as predicted in [21] potential, respectively. The total differentials are [24, 25] 
Now, passing to the discussion of temperatures T J and T JT , it can be shown (see Appendix A) that T J corresponds to a local extremum of the quantity χT , i.e.,
where we defined the susceptibility as
which still depends on the magnetic field , χ = χ(H) . Equation (8) may be represented in following equivalent form
Therefore, studying the temperature dependence of a physical observable such as the magnetic susceptibility χ(T, H) one may pinpoint the Joule temperature, T J , where the triplon (or magnon) system behaves like a quasi-ideal system.
Before discussing the next critical temperature T JT we bring some equivalent relations for the magnetic Grüneisen parameter which characterizes the isentropic (∆S = 0) process
where C H = T (∂S/∂T ) H = (∂W /∂T ) H is the specific heat at constant magnetic field H.
These equations can be derived easily using Eq.s (6), (7) and well known Maxwell relations.
An isenthalpic process (W = const.) being a main part of Joule-Thomson effect is characterized by the Joule-Thomson coefficient κ JT ≡ (∂T /∂H) W (similar to κ JT ≡ (∂T /∂P ) W for atomic gases). As it was shown in Appendix A κ JT can be represented as
Finally, the inversion temperature T JT is the solution of κ JT (T = T JT ) = 0, which leads
Using Eqs. (9) and (12) we can see that at the inversion temperature T JT the quantity χ/T has a local extremum, i.e., d(χ/T )/dT changes its sign. Equations (6)- (13) are general for any paramagnetic material. In the next section we derive thermodynamic quantities specifically for spin gapped dimerized quantum magnets.
III. MAGNETIC THERMODYNAMICS OF SPIN GAPPED ANTIFERROMAG-NETS
Microscopically, properties of any magnetic material may be described by a Heisenberglike Hamiltonian [25] . However, Giamarchi and Tsvelik showed that the Hamiltonians of quantum antiferromagnets and BECs were directly related by a mapping transformation [26] . Using the bond operator formalism [6] the Hamiltonian of the triplon gas may be simplified to the following semi-phenomenological Hamiltonian [1]
where Ψ-bosonic field, µ is the chemical potential given in (1), and U is a coupling constant of triplon-triplon contact interaction, which is usually considered as a fitting parameter. The operator of kinetic energy,K gives rise to the bare disperison ε k as defined, for example, in the bond operator representation. [27, 28] As to the integration in coordinate space, it should be taken within the crystal unit cell, though some authors take the integration within a sphere with infinite radius [4, 29] .
Applying the concept of BEC to the system of triplons, we have recently obtained [14] explicit expression for Ω in Hartree-Fock-Bogoliubov (HFB) approximation, which gives the following equations for physical quantities under consideration. Critical temperature of BEC T c is given by the equation
Here and what follows the integration over k, anisotropies, [5, 28] . Hovewer, since our goal is making mostly qualitative analyses we may use a simple spherical ansatze [2, 4] , describing T c (H) phase diagram rather satisfactory:
with m = 1/J 0 is an an effective mass of triplon. Note that, the ordinary spherical symmetric bare dispersion, which is used for atomic gases, leads to the well-known result [29] 
where ρ c is critical density, which can be experimentally measured, and ζ(x) is the Riemann zeta function.
Entropy, specific heat and Grüneisen parameter are given by the following expressions
where β = 1/T and Ω, E k,T = (∂E k /∂T ) H , E k,µ = (∂E k /∂µ) T are given explicitly in Appendix B. In the above equations E k corresponds to the quasiparticle dispersion
with µ ef f = µ − 2U ρ and ρ = N/V is the number density.
The total number of triplons and the number of condensed ones are given as
where ∆ is the anomalies self energy Σ an in the BEC phase. It can be evaluated as the physical solution (∆ ≥ 0) of following algebraic equation [29] 
where W (x) = coth(x/2)/2 = 1/2 + 1/(exp(x) − 1). It is seen from Eq. (21) that in the BEC phase the dispersion is gapless and defines the sound velocity c as c = ∆/m due to low momentum expansion
In the normal phase, T > T c the sound velocity may be determined by the relation
where the bulk module B is defined as [24] :
Now using the explicit expression for the thermodynamic potential, given in Appendix B, one obtains B = 2U ρ 2 , and hence
It is interesting to note that, in the HFB approximation the normal self-energy Σ n in the normal phase exactly equals to 2U ρ, i.e. mc 2 | T >Tc = Σ n .
It should be noted that in this section and below we adopt the units k B = 1 for the Boltzmann constant, = 1 for the Planck constant.
IV. RESULTS AND DISCUSSIONS
To perform numerical calculations we adopt commonly used set of realistic parameters Table I . (1) and (15) (see Ref. [14] for the details). Note that, here all quantities are given in the units with k B = = V = 1.
As it was mentioned in the Introduction section, we assume that besides the well known adiabatic (isentropic) MCE, there can be another version of MCE, which exploits an isenthalpic process. In the present section we first compare them with each other and then pass to discuss the inversion temperature.
For simplicity we start with a paramagnetic material whose magnetization is given as [32] 
where
for isentropic and
for isenthalpic processes, respectively. Their ratio may simply be represented as
In Fig. 1 , we plot r SW (x) evaluated using Eq. (31). It is seen that for reasonable values of the dimensionless quantity x = 0 ÷ 5, r SW ≤ 1, which means that isentropic process is less effective than isenthalpic one for a paramagnet. (8) it is easy to show that T J is also infinite, which can be proven using the Eqs. (8), (9) and (28). Now, we pass to dimerized quantum magnets. In Fig. 2(a,b) we present (∂T /∂H) S = T Γ H vs temperature for Sr 3 Cr 2 O 8 and TlCuCl 3 . As it is expected Γ H changes its sign at T = T c which means that in the isentropic process the regime of heating (T < T c , Γ H > 0) changes by the regime of cooling (T > T c , Γ H < 0) at the critical temperature with increasing the magnetic field. Here it should be noted that, in the present work we are dealing with only magnetic contribution, so the terms "heating" or "cooling" mean the changing of the temperature only due to the spins.
On the other hand, the changing of the temperature as the magnetic field varies in the isenthalpic process (∂T /∂H) W = κ JT is presented in Fig. 3(a,b) Fig. 2a with Fig. 3a ) one may note that especially, at low tem-
i.e., isenthalpic preocess is more effective than isentropic one. Moreover, as it is seen from Figs.3 , κ JT diverges at low temperature, which is, particularly, caused by the divergence of Grüneisen parameter [13, 14] (H = 6 T ), respectively. It is seen that d(χ/T )/dT changes its sign at temperatures higher than critical one, T JT > T c . We address the question of information that can be extracted from experiments, say, from the extremum of the function χ/T , which is related to M (T, H). Unfortunately, there is no experimental data on M (T ) available for Sr 3 Cr 2 O 8 , but there is a plenty of data on M (T ) for T lCuCl 3 [4, 30] . So, we adopted the existing data on M (T, H) for this material, e.g., given in Ref. [30] and using Eq. (9), we constructed the dependence of d(χ/T )/dT on temperature. From Fig. 4b we see that the experimental value of T JT for TlCuCl 3 at H = 6T is T exp JT (H = 6T ) ≈ 3.9K. This fact confirms the existence of a finite inversion temperature for the compound TlCuCl 3 , which has no frustration. As to our theoretical prediction, it is seen that, the solid line in Fig. 4(b) crosses the abscissa at a larger temperature, approximately at T
HF B JT
(H = 6T ) ≈ 5K. It appears that our estimate is in good qualitative agreement with the experiment.
Similarly to the inversion temperature of atomic gases, which depends on pressure, the inversion temperature of a magnetic Joule -Tomson process depends on the external magnetic field, which is presented in Figs 5(a,b) . As it is seen, for both materials this temperature is larger than the critical temperature of BEC, and the dependence of the dimensionless ratio T JT /T c on the magnetic field is rather small.
As it was mentioned in the Introduction the Dresden group [21] In present model the sound velocity c at T > T c can be evaluated by using Eq. (27) .
In Figs.6 (a,b) we plotted dimensionless quantity mc 2 (T )/T vs temperature. It is seen that it has a minimum exactly at T = T JT (H) for each H in accordance with experimental predictions of Ref. [21] .
And for completeness, as to T J , given by equation d(χ T )/dT = 0 we failed to find its solution for finite T . Therefore, the system of interacting triplons cannot be considered as quasi-ideal at any temperature.
V. CONCLUSION
We have utilized the BEC analogy to study magnetic thermodynamics of dimerized s = 1/2 quantum magnets. For this purpose we derived explicit expressions for the main Comparing commonly used isentropic (adiabatic) MCE with a proposed isentalpic process we have shown that the latter is more powerful both for simple paramagnets as well as dimerized magnets. We hope that such a process can be realized in pressure and field induced magnetic experiments.
Unfortunately, the present simple approach cannot describe saturation effects, since they are not included in the effective Hamiltonian (14) properly. Besides, for simplicity anisotropic effects, which are essential [10, 11] for TlCuCl 3 due to Dzyaloshinsky -Moriya (DM) or exchange anisotropy (EA) interactions are neglected. Nevertheless, our predictions on the inversion temperature are in a good qualitative agreement with the existing experimental observations. As to proposed isenthalpic magneto-caloric effect, more experimental studies on the thermodynamic properties of field as well as pressure induced phase transitions on magnetic materials should be performed. The situation may be the similar with high temperature super conductors, whose critical temperature change under the high pressure [33] .
Here it is worth to underline that, the thermodynamics of pressure and field induced phase transitions in spin -dimerized magnets has not been well studied [34] .
Appendix A
Here we derive equations (8) and (12) explicitely. From Eq.s (7) one may get
where we used relations (6) and (7). It is clear that
Now, using (A.2) in (A.1) one obtains
This shows that, near T ∼ T J the energy does not dependent on the magnetization. Inserting (A.6) and (A.7) into (A.5) finally gives κ JT in (12) .
Appendix B
Here we present explicit expessions for the free energy, obtained in our work [14] by using a variational perturbative theory [35, 36] . , E k = ε k (ε k + 2∆).
Now we bring explicit expressions for E k,T = (∂E k /∂T ) H and E k,µ = (∂E k /∂µ) T which where used to calculate C H and Γ H in the Section III.
In the normal phase when E k = ω k = ε k − µ + 2U ρ, the density of particles is given by
where f B (x) = 1/(e βx − 1). Clearly,
which does not depend on momentum k. Differentiating both sides of the equation (B.6) with respect to T and solving by dp/dT , we find dρ dT = βS 1 V (2S 2 − 1) , (B.8)
Taking the derivative with respect to µ gives
. (B.10)
In the condensed phase, T ≤ T c , E k = E k = ε k (ε k + 2∆), and hence we have
To find, e.g., ∆ T we can differentiate both sides of the equation (B.3) with respect to T and solve it for ∆ T . The results are
,
